We investigate second-order half-linear differential equations with asymptotically almost periodic coefficients. For these equations, we explicitly find an oscillation constant. If the coefficients are replaced by constants, our main result (concerning the conditional oscillation) reduces to the classical one. We also mention examples and concluding remarks. MSC: 34C10; 34C15
Introduction
This paper is devoted to the study of the half-linear differential equation The name half-linear equations was introduced in [] . This term is motivated by the fact that the solution space of these equations is homogeneous (likewise in the linear case), but it is not additive. There are several differences between linear equations and halflinear equations. Especially, some tools widely used in the theory of linear equations are not available for half-linear equations (e.g., see [] for the Wronskian identity and [] for the Fredholm alternative). In fact, these differences are caused, more or less, by the lack of the additivity. On the other hand, many results from the theory of linear equations are extendable to their half-linear counterparts. Since the linear Sturmian theory extends verbatim to the half-linear case (for details, we refer to [, Section .]), we can classify Eq. (.) as oscillatory or non-oscillatory. We say that Eq. (.) is oscillatory if zeros of any solution tend to infinity. Otherwise, Eq. (.) is called non-oscillatory.
In this paper, we analyze a topic from the theory of half-linear equations and, at the same time, from the theory of (asymptotically) almost periodic functions. The importance of http://www.advancesindifferenceequations.com/content/2013/1/122 the investigation of half-linear equations lies among others in the fact that various phenomena in physics and chemistry are studied through half-linear equations and through partial differential equations with p-Laplacian (half-linear equations can be regarded as equations with one-dimensional p-Laplacian). We refer to [] and the last section of this paper (with references given therein). Similarly, many phenomena in nature have an oscillatory character and their models lead to the research of asymptotically almost periodic functions. There exist many remarkable books concerning (asymptotically) almost periodic differential equations and their applications. See, e.g., [-] .
Actually, we are interested in the conditional oscillation of half-linear differential equations with asymptotically almost periodic coefficients. We say that the equation is presented in Section . In these two sections, we mention only basic definitions and results which we will use later. In Section , we prove the main result and we illustrate it by some examples. Our paper is finished by concluding remarks given in Section .
Henceforth, for given p > , the symbol q will denote the number which is conjugated with p, i.e., p + q = pq. As usually, R + stands for all positive reals and R
Asymptotic almost periodicity
At first, we recall the definition of almost periodicity.
there exists a number p(ε) >  with the property that any interval of length p(ε) of the real line contains at least one point s for which
Note that we mentioned the so-called Bohr definition of almost periodic functions and that it is possible to introduce almost periodic functions in different ways. As the basic definition of almost periodic functions in the literature, one can often find the Bochner definition which is equivalent with the Bohr one and which is embodied in the next theorem.
Theorem . Let f : R → R be a continuous function. Then f is almost periodic if and only
if from any sequence of the form {f (t + s n )} n∈N , where s n are real numbers, one can extract a subsequence which converges uniformly with respect to t ∈ R.
Proof See, e.g., [, Theorem .].
As a direct generalization of almost periodicity, we consider the notion of asymptotic almost periodicity. Now we mention two well-known common properties of almost periodic and asymptotically almost periodic functions, which we will need later. To prove them, it suffices to consider Theorems . and . (or consider, e.g., the proof of [, Theorem .]).
Definition  We say that a continuous function
f : R +  → R is asymptotically almost peri- odic if it can be represented in the form f (t) = f  (t)+f  (t), t ∈ R +  ,f (t + s) -f (t) < ε, t, t + s ≥ P(ε).
Corollary . If f is an (asymptotically) almost periodic function and F : R → R is uniformly continuous on the range of f , then the function F • f is (asymptotically) almost periodic as well.
Corollary . The sum and the product of two (asymptotically) almost periodic functions are (asymptotically) almost periodic.
Since asymptotically almost periodic functions are evidently bounded, from Corollary ., we also obtain the following.
Corollary . If f is an asymptotically almost periodic function satisfying
, is asymptotically almost periodic for arbitrarily given α ∈ R.
It remains to recall the notion of the mean value for asymptotically almost periodic functions.
Theorem . If f is an asymptotically almost periodic function, then the limit
is finite and exists uniformly with respect to a ∈ R 
Half-linear differential equations
To prove the main result, we use the concept of the Riccati equation for half-linear equations. More precisely, applying the transformation 
Theorem . Suppose that
and that Eq. (.) is non-oscillatory. Then the lower limit
for every solution w of Eq. (.).
We focus our attention to Eq. (.) in the form
where γ ∈ R + and r, s are positive asymptotically almost periodic functions. The Riccati equation associated to Eq. (.) has the form
For ζ (t) = -w(t)t p- , we express
i.e., we obtain the so-called adapted Riccati equation
In fact, we will use only partial cases of Theorems . and .. For reader's convenience, we mention the corresponding corollaries for Eq. (.) and Eq. (.). 
Corollary . Let Eq. (.) be non-oscillatory. There exists a negative solution ζ of the adapted Riccati equation (.) on some interval [t  , ∞).

Proof
). We know that w is decreasing which follows immediately from (.). By combination of (.) and (.), we obtain w(t) →  as t → ∞. Especially, w(t) > , t ≥ t  . This observation implies the existence of a negative solution ζ of Eq. (.) on [t  , ∞).
Corollary . If there exists a negative function ζ which solves the adapted Riccati equation (.) on some interval [T, ∞), then Eq. (.) is non-oscillatory.
Proof The statement of the corollary follows directly from Theorem ..
Oscillation constant
Now we can formulate and prove the announced result.
Theorem . Let γ ∈ R + be given and let r and s be arbitrary positive asymptotically almost periodic functions satisfying inf r(t); t ∈ R
Consider the equation
Proof In the both cases of the theorem, we consider γ = . Let α, T ∈ R + be such that
The existence of such numbers follows from Corollary ., Theorem ., and Remark . We denote
Let γ > . By contradiction, we suppose that Eq. (.) is non-oscillatory. Corollary . says that the adapted Riccati equation has a negative solution ζ , which exists on some interval [t  , ∞). Without loss of generality, we can assume that t  = T. We recall (see (.))
Especially, we know that
Since q > , from (.) it follows the existence of K >  for which
Indeed, ζ (t) >  if we assume that ζ (t) ≤ -r + .
In addition, considering (.) and (.), we have
where
Therefore,
i.e.,
We denote
Since (.) holds for all σ ∈ [, α], we obtain
We also put
Henceforth (in this part of the proof ), we will consider t ≥ t  . We have
if ξ (t) >  for an arbitrarily given t ≥ t  , or
we obtain
which follows from Young's inequality. Next, applying (.), (.), and (.), we compute
The function y = |x| q is continuously differentiable on [-K, ], and hence there exists
Using the fact that this function has the Lipschitz property and using (.), we obtain
For sufficiently large t ≥ t  , it is valid
Altogether (consider (.), (.), (.), (.)), there existst ≥ t  for which we have
which implies that
This contradiction proves that Eq. (.) is oscillatory for γ > .
In the second part of the proof, we have to show that Eq. (.) is non-oscillatory for γ < . We will consider arbitrarily given γ < and the solution ζ of the adapted Riccati equation determined by the Cauchy problem (.), ζ (T) = ξ  , where
As in the first part of the proof (see (.)), we can estimate
for all t from the domain of ζ . Thus, there exists K >  such that ζ (t) > -K for all considered t. Analogously (see (.)), we can also prove
Hence, we can assume that T is so large that it is true
. Thus, we can define
Finally, considering (.), (.), (.), and (.), we obtain the following contradiction:
which means that there exists δ >  satisfying
Especially, this negative solution exists for all t ≥ T. From Corollary . it follows that Eq. (.) is non-oscillatory for γ < . Example  Let a > , α, β = , and c > /. We can use Theorem . for the equation
whose coefficients are asymptotically almost periodic (it suffices to consider directly Definition  and Corollaries ., .) and where p = / (i.e., q = ). It holds
Thus, the equation is oscillatory for γ (c  + ) > √ π and, at the same time, nonoscillatory for γ (c  + ) < √ π .
The statement of Theorem . is a new result also for p =  (even for linear equations with almost periodic coefficients).
Corollary . Consider the equation
where γ ∈ R + and r, s are positive almost periodic functions satisfying (.). Then the oscillation constant is
i.e., Eq. (.) is oscillatory for γ > and non-oscillatory for γ < .
If the functions r and s in Eq. (.) are periodic with the same period, then the oscillation constant given in (.) reduces to the known one (see [] ). For constant functions r, s, we obtain = r/(s), which corresponds to the famous result of Kneser [] . Note that the main result of [] cannot be used for general periodic functions r, s (which do not have any common period). This situation is illustrated by the following example.
Example  Let continuous functions f , g : [-, ] → R + be given. Let us consider the equa-
The almost periodicity of the functions r(t) = f (sin t), s(t) = g[sin( √ t)] is obvious. It is also seen that (.) is satisfied and that
Hence, we obtain the oscillation constant
Concluding remarks
There exist positive almost periodic functions f , g : R → R for which 
